Single-and double-ionization processes in electron scattering from a model helium atom are calculated by a direct solution of the time-dependent Schrödinger equation on a 3D lattice. The Coulomb interaction between the electrons is described by v(r 1 ,r 2 )ϭ1/r Ͼ and all angular momenta are set to zero. The initial state is a product of the ground state of the model helium atom on a 2D lattice with a wave packet for the free electron. At times following the collision and for incident electron energies around 200 eV, the probability density associated with double ionization is found to be quite small when compared to other scattering processes. Projections onto 1D continuum states are employed to calculate single-and double-ionization cross sections. Although absolute cross sections for the model cannot be compared to experiments on helium due to the neglect of higher partial waves, the ratio of double to single ionization for the model is found to be 1% or less, in fair agreement with experiment.
I. INTRODUCTION
Substantial progress has been achieved in the last five years in the calculation of accurate electron-impact singleionization cross sections for atoms and their ions. The correlated quantal dynamics of two free electrons moving in the long-range Coulomb field of a third body remained until this decade one of the most fundamental unsolved problems in nonrelativistic quantum mechanics. The converged closecoupling ͓1͔, the hyperspherical close-coupling ͓2͔, the R matrix with pseudostates ͓3͔, and the time-dependent closecoupling ͓4͔ methods have all produced direct-ionization cross sections for hydrogen in excellent agreement with experiment ͓5͔. In addition, close-coupling calculations have now been carried out for the direct-ionization cross sections of He ͓6,7͔, atomic ions in the Li isoelectronic sequence ͓8-12͔, and atomic ions in the Na isoelectronic sequence ͓13͔.
In this paper we turn our attention to the calculation of electron-impact double-ionization cross sections for atoms and their ions. The essence of the problem is the description of the correlated quantal dynamics of three free electrons moving in the long-range Coulomb field of a fourth body. To date, fully quantal nonperturbative calculations of the electron-impact double-ionization process have never been reported; in fact, we are not aware of any fully quantal perturbative calculations. In the past various semiempirical and semiclassical approaches have been used to help analyze the many experiments on multiple ionization of atoms and their ions and to predict cross sections of importance to the modeling of high-temperature plasmas ͓14,15͔.
We begin by examining the electron-impact double ionization of helium in an s-wave model for the Coulomb interaction between the electrons. The full 9D time-dependent Schrodinger equation is reduced to one 3D partial differential equation by setting all angular momenta equal to zero. This same dimensional reduction scheme, or what has come to be known as the Temkin-Poet model ͓16,17͔, has proved quite useful in examining the electron-impact single ionization of hydrogen ͓18-22͔. The correlated quantal dynamics found in the s-wave model are very similar to those found in the complete physical system. In the following paragraphs we first calculate the single ionization of a model He ϩ atomic ion in Sec. II, then calculate the single and double ionization of a model He atom in Sec. III, and finally give a brief summary in Sec. IV.
II. 2D MODEL FOR THE SINGLY CHARGED HELIUM ION

A. Theory
The time-dependent Schrödinger equation for the Temkin-Poet model of He ϩ is given by ͑in atomic units͒ i ‫͑ץ‬r 1 ,r 2 ,t ͒ ‫ץ‬t ϭH͑r 1 ,r 2 ͒͑ r 1 ,r 2 ,t ͒, ͑1͒
where the time-independent Hamiltonian is H͑r 1 ,r 2 ͒ϭϪ 1 2
͑2͒
The Hamiltonian is discretized on a 2D lattice using lowestorder finite differences. The wave function is then time evolved using an explicit leap-frog propagator ͓4͔.
The total antisymmetrized wave function for 1 S scattering from the ground state of He ϩ is given by
where the arrows represent the two spin degrees of freedom. Initially the spatial wave functions are given by a ͑ r 1 ,r 2 ,tϭ0 ͒ϭG ks ͑r 1 ͒P 1s ͑r 2 ͒, ͑4͒ where G ks ϭ͓1/(w 2 ) 1/4 ͔e ͓Ϫ(rϪs) 2 /2w 2 ] e Ϫikr is an incoming radial wave packet for the free electron, w is the width, s is the localization radius, k is the wave number, and P 1s (r) is the ground state of the He ϩ ion. We need only time evolve one of the spatial wave functions according to Eq. ͑1͒, since the other wave function can be obtained at any time by a simple coordinate interchange. Following the collision the probability of excitation to a state ns may be extracted from the asymptotic total wave function by the projection:
where n,k Ј 1 S ͑ r 1 ,r 2 ͒ϭͱ 1 2 ͓ P ns ͑r 1 ͒↑,P k Ј s ͑r 2 ͒↓͔
Ϫͱ 1 2 ͓ P ns ͑r 1 ͒↓,P k Ј s ͑r 2 ͒↑͔ ͑7͒ and the brackets represent determinants "i.e., ͓a(1),b(2)͔ ϭa(1)b(2)Ϫa(2)b(1)…. Straightforward reduction yields P exc:n 1 S ϭ2 ͵ dkЈͯ ͳ P ns ͑r 1 ͒P k Ј s ͑r 2 ͒ͯͱ 1 2 ͓ a ͑r 1 ,r 2 ,tϭT͒ ϩ b ͑r 1 ,r 2 ,tϭT͔͒ ʹͯ 2 . ͑8͒
A similar derivation yields the probability of ionization:
͓ a ͑r 1 ,r 2 ,tϭT͒ϩ b ͑r 1 ,r 2 ,tϭT͔͒ ʹͯ 2 .
͑9͒
The single-particle orbitals P(r) found in Eqs. ͑8͒ and ͑9͒ for the excitation and ionization probabilities are obtained by diagonalization of the single-particle Hamiltonian for the He ϩ ion:
on a 1D lattice with the same mesh spacing and box size as the 2D lattice used for Eq. ͑1͒. Inelastic cross sections are then given by
where S is the total spin angular momentum.
B. Results
For electron scattering from He ϩ in the Temkin-Poet model we choose a lattice with uniform mesh spacing ⌬r ϭ0.4 a.u. and a box size of 40.0 a.u., resulting in a wavefunction representation of 10 4 points. Initially the incoming radial wave packet is centered at 20.0 a.u. with a Gaussian full width at half maximum ͑FWHM͒ of 6.0 a.u. and an incident electron energy of Eϭ90 eVϭ3.31 a.u. The ground state of He ϩ on the corresponding 1D lattice was calculated to have an energy of Ϫ47.73 eV, the exact analytic value being Ϫ54.42 eV. The probability density for the initial unsymmetric spatial wave function, b (r 1 ,r 2 ,tϭ0), of Eq. ͑5͒ is shown in Fig. 1 . As time evolves, the peak of the probability density centered at (r 1 ϭ0,r 2 ϭ20) moves toward the origin with a group velocity of vϭͱ(2E)ϭ2.57 a.u.
The time for the wave packet to collapse and then rebound from the origin so that the peak of the elasticscattering components are centered at (r 1 ϭ0,r 2 ϭ20) and (r 1 ϭ20,r 2 ϭ0) is approximately tϭ40/vϭ15.6 a.u. In Fig.  2 we show the probability density for the unsymmetric spatial wave function, b (r 1 ,r 2 ,t), at tϭ20.0 a.u. The large FIG. 1. Initial time (tϭ0) probability density for electron scattering from a model helium ion. ͑a͒ 2D contour map and ͑b͒ 3D contour projection. ͑Radial distances are in atomic units.͒ peaks along the coordinate axes represent elastic and bound inelastic scattering, where one electron remains in the vicinity of the He ϩ nucleus at the origin and the other electron moves freely away to large distances. The smaller concentration of probability density along the r 1 ϭr 2 axis represents ionization, in which both electrons escape from the He ϩ nucleus. In essence, Fig. 2 is a snapshot of the total scattering amplitude, where the distribution in coordinate space may be mapped directly onto a distribution in the momenta of the outgoing electrons for long times.
The probabilities for excitation and ionization of He ϩ in the Temkin-Poet model are calculated using Eqs. ͑8͒ and ͑9͒ at times following the collision ͑i.e., Tу20.0 a.u.). The time-dependent ͑TD͒ 10 4 -point-lattice results for the inelastic cross sections are presented in Table I . We repeated the electron-scattering calculations for He ϩ using lattices with ⌬rϭ0.2 a.u. and ⌬rϭ0.1 a.u., keeping the box size radius constant at 40.0 a.u. The ground state of He ϩ on the corresponding 1D lattice was calculated to have an energy of Ϫ52.40 eV for ⌬rϭ0.2 a.u. and Ϫ53.89 eV for ⌬r ϭ0.1 a.u. The 4ϫ10 4 -point and 1.6ϫ10 5 -lattice results for the inelastic cross sections are also presented in Table I . The ⌬rϭ0.1-a.u. lattice results agree extremely well with the R-matrix pseudostate ͑RMPS͒ calculations of Bartschat and Bray ͓23͔.
As a check on our current numerical procedures we repeated our time-dependent calculations for the excitation and ionization of He ϩ using the wave-packet method described in Sec. II of Robicheaux et al. ͓22͔. That is, we propagated a fully symmetric spatial wave function, given by ͱ 1 2 ͓ a (r 1 ,r 2 ,t)ϩ b (r 1 ,r 2 ,t)͔, and projected the asymptotic solution onto only the negative energy states on the 1D lattice. The excitation probabilities, as well as the ionization probabilities obtained through unitarity, were found to agree exactly with those presented in Table I .
III. 3D MODEL FOR THE HELIUM ATOM
A. Theory
The time-dependent Schrödinger equation for the Temkin-Poet model of He is given by ͑in atomic units͒ i ‫͑ץ‬r 1 ,r 2 ,r 3 ,t ͒ ‫ץ‬t ϭH͑r 1 ,r 2 ,r 3 ͒͑ r 1 ,r 2 ,r 3 ,t ͒, ͑12͒
where the time-independent Hamiltonian is H͑r 1 ,r 2 ,r 3 ͒ϭϪ 1 2
͑13͒
The Hamiltonian is discretized on a 3D lattice using finite differences and then again time evolved using an explicit leap-frog propagator. The total antisymmetrized wave function for 2 S scattering from the ground state of He is given by
͕͓ a ͑ r 1 ,r 2 ,r 3 ,t ͒Ϫ b ͑ r 1 ,r 2 ,r 3 ,t ͔͒↑↑↓
Ϫ͓ a ͑r 1 ,r 2 ,r 3 ,t͒Ϫ c ͑r 1 ,r 2 ,r 3 ,t͔͒↑↓↑ ϩ͓ b ͑r 1 ,r 2 ,r 3 ,t͒Ϫ c ͑r 1 ,r 2 ,r 3 ,t͔͒↓↑↑͖. Initially the spatial wave functions are given by a ͑ r 1 ,r 2 ,r 3 ,tϭ0 ͒ϭG ks ͑r 1 ͒ 1s 2͑ r 2 ,r 3 ͒, ͑15͒ b ͑ r 1 ,r 2 ,r 3 ,tϭ0 ͒ϭG ks ͑r 2 ͒ 1s 2͑ r 1 ,r 3 ͒, ͑16͒
and c ͑ r 1 ,r 2 ,r 3 ,tϭ0 ͒ϭG ks ͑r 3 ͒ 1s 2͑ r 1 ,r 2 ͒, ͑17͒
where 1s 2( r,rЈ) is the ground state of the He atom. Again we need only time evolve one of the spatial wave functions according to Eq. ͑12͒, since the other two can be obtained by coordinate interchange. Since the spatial and spin coordinates cannot be separated in the three-electron problem, we have no choice but to propagate unsymmetric spatial wave functions.
Following the collision the probability of ionization, leaving the He ϩ ion in a state ns, may be extracted from the asymptotic total wave function by the projection: . ͑22͒
The two-particle wave function, (r,rЈ), for the ground state of the He atom is obtained by imaginary time relaxation of Eq. ͑1͒ on a 2D lattice with the same mesh spacing and box size as the 3D lattice used for Eq. ͑12͒. The singleparticle orbitals, P(r), found in Eqs. ͑21͒ and ͑22͒ for the single-and double-ionization probabilities are obtained by diagonalization of the Hamiltonian of Eq. ͑10͒ on a 1D lattice with the same mesh spacing and box size as the 3D lattice used for Eq. ͑12͒. The ionization cross sections are given by Eq. ͑11͒, which is simply the probability divided by the incident electron flux.
B. Results
For electron scattering from He in the Temkin-Poet model we choose a lattice with uniform mesh spacing ⌬r ϭ0.4 a.u. and a box size of 40.0 a.u., resulting in a wave function representation of 10 6 points. Initially the incoming radial wave packet is centered at 20 a.u. with a Gaussian To approach the chemical accuracy for the physical He atom of Ϫ79.02 eV would require a smaller lattice spacing and an extension of the model to include higher partial waves ͑i.e., angular correlations͒. The probability density for the He ground state wave function, 1s 2( r 1 ,r 2 ), is shown in Fig. 3 . The ''butterfly'' shape of the contour map is due to radial electron correlations.
The visualization of probability flows for a 3D wave function has its challenges. We begin with the probability density for the initial unsymmetric spatial wave function, c (r 1 ,r 2 ϭ0,r 3 ,tϭ0), of Eq. ͑17͒ as shown in Fig. 4. In Fig. 5 we show the probability density for c (r 1 ,r 2 ϭ0,r 3 ,t) at t ϭ15.0 a.u. following the collision. The large peaks along the r 1 and r 3 coordinate axes represent elastic and bound inelastic scattering, where two electrons remain in the vicinity of the He nucleus and the other electron moves away to large distances. Remember r 2 ϭ0, so one electron is always at the origin. The probability density along the r 1 ϭr 3 axis represents single ionization leaving the He ϩ ion in a bound state.
To take a look at double ionization, we make a cut along the hyperdiagonal of the coordinate space cube. The probability density of the initial unsymmetric spatial wave function, c (r 1 ,r 2 ϭr 1 ,r 3 ,tϭ0), of Eq. ͑17͒ is shown in Fig. 6 . Notice that the probability density in Fig. 6 along the r 1 axis appears compressed when compared to the probability density found in Fig. 4 . This is due to radial correlations in the He atom ground state. As shown in Fig. 3 , the probability density extends further along r 2 ϭ0 than along r 2 ϭr 1 . In Fig. 7 we show the probability density for c (r 1 ,r 2 ϭr 1 ,r 3 ,t) at tϭ15.0 a.u. following the collision. The large peak along the r 3 coordinate axis represents elastic and bound inelastic scattering, where two electrons remain in the vicinity of the He nucleus and the third electron moves away to large distances. The smaller peak along the r 1 axis represents single ionization, with only one electron remaining at the origin ͑remember r 2 ϭr 1 ). Finally the much smaller concentration of probability density along the r 1 ϭr 2 ϭr 3 axis represents double ionization, in which all three electrons escape from the nucleus.
We try our hand at 3D probability densities in Figs. 8 and 9. The concentration of points in the dark areas are high density, while light areas are low density. The probability density of the unsymmetric spatial wave function, c (r 1 ,r 2 ,r 3 ,t), at an incident energy of 200 eV is shown in Fig. 8 for times tϭ0.0, 5.0, 10.0, 15 .0, 20.0, and 25.0 a.u. The probability density in the planes (r 2 ,r 3 ) and (r 1 ,r 3 ) are mirror images of each other and at tϭ15.0 a.u. in Fig. 8͑d͒  correspond with Fig. 5 . The low probability density inside the cube represents the time evolution of the three-electron continuum in the Coulomb field of the nucleus. We show the probability density of the unsymmetric spatial wave function, c (r 1 ,r 2 ,r 3 ,t), only in the plane (r 1 ϭr 2 ,r 3 ) in Fig. 9 at the same incident energy and propagation times. Figure  9͑d͒ corresponds with Fig. 7 . In this particular plane the probability density inside the cube again represents the time evolution of the electron-impact double-ionization process.
The probabilities for single and double ionization of He in the Temkin-Poet model are calculated using Eqs. ͑21͒ and ͑22͒ at times following the collision ͑i.e., Tу15.0 a.u.). The 10 6 -point-lattice results for the ionization cross sections are presented in Table II at incident energies of 200, 300, 400, and 500 eV. It is interesting to compare the model He-atom theoretical predictions with the physical He-atom experimental measurements of Shah et al. ͓24͔ , at least at the qualitative level. The peak of the double-ionization cross section in both theory and experiment is between 300 and 400 eV, around 4.4ϫ10 Ϫ21 cm 2 for the model and around 1.3 ϫ10 Ϫ19 cm 2 for observation. Of course, the difference in absolute cross section is to be expected since the model does not include the higher partial waves. The ratio of the doubleto single-ionization cross sections between 200 and 500 eV varies from 0.8% to 2.2% for the model and from 0.3% to 0.6% for observation. We further investigated a couple of possibilities for the model's rather large double-to single-ionization cross section ratio. As shown in Sec. II, full convergence of the ionization cross sections for the Temkin-Poet model would require a mesh spacing of ⌬rϭ0.1 a.u. and a 6.4ϫ10 7 point lattice. However, we note from Table I that the ratio of the ionization to excitation cross sections for He ϩ varies quite slowly with mesh spacing. We would expect a similar slow variation for the ratio of double-to single-ionization cross sections for He. A more likely explanation for the model's rather large cross-section ratio may be the choice of singleparticle orbitals, P(r), used in the projections found in Eqs. ͑21͒ and ͑22͒. Certainly the choice of an effective charge of 2 in Eq. ͑10͒ is correct for the double-ionization probability of Eq. ͑22͒, where all three electrons are escaping to large distances and see a bare He nucleus. However, the choice of an effective charge of 1 in Eq. ͑10͒ for the calculation of the two continuum orbitals, P k Ј s (r) and P k Љ s (r), seems more appropriate for the single-ionization probability of Eq. ͑21͒. In single ionization the remaining bound electron should shield the bare He nucleus from the two electrons that are escaping to large distances. The 10 6 -point-lattice results for the single-ionization cross sections using an effective charge of 1 for the continuum orbitals, are presented in Table III at incident energies of 200, 300, 400, and 500 eV. The cross sections for 1s single ionization are approximately 80% larger than the previous results. With the new singleionization values, the ratio of the double-to single-ionization cross sections between 200 and 500 eV varies from 0.4% to 1.0%, in much better agreement with observation.
IV. SUMMARY
We have carried out fully quantal nonperturbative calculations for the electron-impact double ionization of helium within an s-wave model of the electron interactions. The numerical method is based on the direct solution of the timedependent Schrodinger equation on a 3D lattice. Visualization of the wave-packet probability density as a function of time confirms the hierarchy of scattering processes: strong elastic and bound inelastic, weaker single ionization, and extremely weak double ionization. Various ionization cross sections for helium were calculated by time propagation of an unsymmetric spatial wave function, coordinate interchange to recover the remaining parts of the total wave function, and direct projection onto a mixture of bound and continuum single-particle orbitals. The ratios of double to single ionization for the s-wave model were found to be in reasonable agreement with experiments on the physical atom. It should be possible to extend the three-electron wave-packet method to include higher angular waves, resulting in timedependent close-coupling equations for the total 2 S and 2 P symmetries. Accurate checks could then be made on theoretical predictions ͓25,26͔ and experimental measurements ͓27͔ of the complete photofragmentation of the lithium atom. 
